We present the hierarchy and soliton solutions associated to a multi-component generalisation of the modified Korteweg-de Vries equation. A recursive formula for obtaining the Lax operators associated to the higher flows of the hierarchy is provided. Using the method of rational dressing and the symmetries of the Lax operators we obtain the one-soliton solution. We also derive the general rank one-breather solution and express it in terms of determinants. We present the simplest case of the one-breather solution, which is parametrised by two constant unit vectors normal to each other. Finally, we obtain the associated Bäcklund transformation for the hierarchy.
Introduction
Since the establishment of the modern theory of integrable systems there have appeared many generalisations of soliton equations in both independent and dependent variables, such as extensions in 2+1 variables, systems of equations, and equations with non-commutative variables. Multi-component integrable equations and their hierarchies have also attracted much attention due to their rich mathematical structure and appearance in applications. In the current paper we are concerned with the hierarchy associated to the following multi-component generalisation of the modified KdV equation
and its soliton solutions obtained via the Darboux-dressing scheme. In (1) , u denotes the standard Euclidean norm in IR N and the subscripts denote partial differentiation with respect to the corresponding variables. For convenience, in what follows we will denote by u j the jth partial derivative with respect to x, with u 0 = u. We remark that equation (1) , which has also appeared in [11] , is not the vector mKdV equation associated to the vector NLS hierarchy. Several other multi-component generalisations of the mKdV equation have also been studied in e.g. [3, 5] . In [1] the authors derived the hierarchy of commuting flows associated to equation (1) based on the Drinfel'd-Sokolov scheme [4] , and further presented the soliton solution as well as the breather solutions of general rank for the hierarchy. Here, we additionally present the Bäcklund transformation for the hierarchy, as well as an explicit formula for the simplest one-breather solution.
Higher vector mKdV flows
Equation (1) admits an infinite number of conservation laws, as shown in [1] and also discussed in [6] . Additionally, the vmKdV is invariant under the Lie symmetries
A hierarchy of commuting generalised symmetries can be recursively constructed u t2n+1 = Ru t2n−1 , n = 1, 2, . . ., using the recursion operator R, given by [1, 2, 10 ]
starting from u t1 = u 1 . For example, we obtain the vmKdV equation (1) by
and similarly from u t5 = Ru t3 we obtain
All members of the hierarchy u t2n+1 = R n u 1 have a zero curvature representation [L(λ), A 2n+1 (λ)] = 0, where the linear operators L(λ) and A 2n+1 (λ) are of the form
Here λ is a spectral parameter, D x and D t2n+1 denote differentiation with respect to x and t 2n+1 , respectively, and U(λ) and V 2n+1 (λ) take values in so N +2 [7] ), and in particular they satisfy
where † denotes the formal adjoint operator, * denotes complex conjugation, and
where 0 is the N -dimensional zero vector and 0 N the N × N zero matrix. The V 2n+1 (λ) are found recursively starting from V 1 (λ) = U(λ) according to
where
For example, we have that
such that the compatibility condition [L(λ), A 3 (λ)] = 0 is equivalent to vmKdV equation (1).
Soliton solutions for the vector mKdV hierarchy
Employing the method of rational dressing (see for example [8, 12] ), we construct soliton and breather solutions to the vmKdV hierarchy. Given that Ψ (x, t 2n+1 , λ) is the fundamental solution to the overdetermined compatible system of linear equations L(λ)Ψ = 0 , A 2n+1 (λ)Ψ = 0 , n = 1, 2, . . . ,
then a Darboux transformation
is a gauge transformation that leaves the linear equations form invariant
Here u is a new exact solution of the vmKdV hierarchy. The Darboux matrix M (λ) can be a constant matrix with respect to the independent variables and it will result to the O N -invariance of the vmKdV hierarchy, or it can be a nonconstant matrix which leads to Darboux-dressing relations or to a dressing chain (Bäcklund transformation). From the compatibility condition of (8) and (9) it follows that the Darboux matrix M (λ) satisfies the Lax-Darboux equations
or equivalently,
We further require that the Darboux matrix also satisfies the relations
which follow from the symmetries (4) of the Lax operators. The Darboux matrices that lead to the one-soliton and one-breather solutions of the vmKdV hierarchy are parametrised by a complex number and an element of the complex Grassmannian Gr(s, C N +2 ), with s = 1, 2, . . . , N + 1 in the case of a breather solution, and s = 1 for a soliton solution. Further details are presented in [1] , see also [8] in relation to the dressing for the vector sine-Gordon equation.
Soliton solution: Dressing and Bäcklund transformations
We consider a Darboux matrix with rational dependence on the spectral parameter λ, satisfying relations (12) . The soliton solution corresponds to a Darboux matrix with two simple poles at λ = ±iµ of the form [1, 8, 9] 
where the matrix P is a projector of rank(P ) = 1 of the form
and q(x, t 2n+1 ) ∈ CP N +1 . From equations (11) we obtain explicit expressions for q in terms of the fundamental solution of the linear systems (8) , as well as the dressing transformation u → u that leads to soliton solutions for the vmKdV hierarchy. In particular, from the constant in λ terms of the first equation in (11) and the double pole at λ = iµ of both equations in (11) we obtain respectively
Using the first equation in (15) to express U in terms of U and P leads to the dressing transformation for the hierarchy
with q j the components of q, while the other two equations provide conditions for q. More precisely, we obtain that the complex vector q satisfies
where Ψ (iµ) is the fundamental solution of the linear systems (8) at λ = iµ and C ∈ C N +2 constant.
Example: One-soliton solution Starting from the trivial solution u = 0 the fundamental solution of (8) is given by
Further, the conditions P * = QP Q and C T C = 0 in (13) and (18) imply that C = (i, c 0 , c T ) T , with c 0 ∈ IR, and c ∈ IR N a constant vector such that c 2 0 + c 2 = 1, see [1, 9] . Thus, the vector q takes the form
Then, the dressing formula (16) leads to the one-soliton solution for the vmKdV hierarchy
We can also use the Darboux matrix (13) in order to derive the Bäcklund transformation for the vmKdV hierarchy. To this end, we first express q in the form q = (i, a 0 , a T ) T , with a 2 0 + a 2 = 1 ,
and a 0 ∈ IR, a ∈ IR N . Using the first equation in (15) to express the components of matrix P in terms of the components of U and U and, given the form of P in (14), we obtain the following relation
Then, from the residue of the simple pole at λ = iµ of the Lax-Darboux equations (10) we find that a x = −µa 0 a − a 0 u, and thus combining with (21) we obtain
Breather solution
The breather solution corresponds to a Darboux matrix M (λ) with four poles at λ = ±µ, ±µ * , with µ a generic complex number, of the form [1, 8] 
and q ∈ Gr(s, C N +2 ) ≃ M N +2,s (C)/GL s (C), for s = 1, 2, . . . , N + 1. Here, B, C, D ∈ M s,s (C) are of the form
where the matrices F, G, H are given by
The double pole at λ = µ of the Lax-Darboux equations (11) 
with B, C, D given in (25), see [1] for details. Hence, the breather-type solutions for the hierarchy are characterised by the rank s of matrix q as well as the position µ of the pole of the Darboux matrix M (λ) in (23). In the following example we derive the simplest (s = 1) one-breather solution, and show that it can be expressed as a ratio of determinants and that it is parametrised by two constant unit vectors normal to each other.
Example: rank one one-breather solution In the case s = 1, the dressing transformation (28) takes the form
where ∆ j and ∆ are the determinants
and F, G, H are now scalar quantities. Starting with the trivial solution u = 0, the fundamental solution of the linear system (8) at λ = µ takes the form
The one-breather solution can be written as
where C = (C 1 , C 2 , c T ) T such that C T C = 0. The latter condition implies that the real and imaginary parts of vector C have the same length, and furthermore they are normal to each other. Using the fact that C is in CP N +1 we can normalise its real and imaginary parts and assume their length is equal to one. It follows that the one breather solution for the vmKdV hierarchy is parametrised by a complex number (the pole of the Darboux matrix 23) and an element of the unit tangent bundle T 1 S N +1 of the sphere
For example, in the case where the real and imaginary parts of vector C are given by C R = (1, 0, 0) T , C I = (0, . . . , 0, 1, 0, . . . , 0) T , respectively, where 1 appears in the (j + 2) position in C I . Then, starting from the trivial solution u = 0 the breather solution (30) takes the form u k = − 4 ∆ Re i cos ξ(F * + H − G) , k = j, 0 , k = j (31)
The denominator in the above expression can be written in the form
where r = |µ|, θ = arg(µ), A = Re(ξ) and B = Im(ξ). Finally, for the particular choice of C given above, we obtain the following expression for the rank one one-breather solution and the 
which, as expected, is a breather solution of the scalar mKdV.
